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ABSTRACT. Let E be a holomorphic vector bundle over a connected complex
manifold X and D a divisor on E. Let A(D) be the set of all x € X for
which (supp D) N E, is a proper algebraic set in E,. The purpose of this
paper is to prove that the following conditions are equivalent: (i) A(D) has
positive measure in X; (i) D extends to a unique divisor on the projective
completion E of E; (iii) D is locally given by the divisors of rational
meromorphic functions defined over open sets in X. Similar results for
meromorphic functions are derived. The proof requires an extension
theorem for analytic set: Assume E is a holomorphic vector bundle over a
pure p-dimensional complex space X and S an analytic set in E of pure
codimension 1. Then the closure S of S in E is analytic if and only if
S N E, is a proper algebraic set for all x in a set of positive 2p-measure in
every branch of X.

1. Statement of results. Let 7: E — X be a holomorphic C?-bundle over a
complex space X of dimension p. A meromorphic function m on E is said to
be rational (over X) iff on each local trivialization of E, E(U) > U X C%, m
is given by a quotient of (holomorphic) pseudopolynomials defined over U. If
S is an analytic set in E, let 4(S) denote the set of all x € X such that
S N E, is a proper algebraic set (possibly empty) in E, = #~}(x). f D is a
divisor on E, define A(D) = A(supp D); D is said to be rational over X iff
there is an open covering {U} of X such that D|E(U) is the divisor of a
rational meromorphic function defined on E (U). A subset M of X is said to
be of positive s-measure iff it is not of zero Hausdorff s-measure (in terms of
local patches of X). The results of this paper are the following.

THEOREM 2.1. Assume X is nonsingular and irreducible. Let D be a divisor on
E. Then the following conditions are equivalent:
(i) A(D) has positive 2p-measure;
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(ii) D extends to a unique divisor D on the projective completion E of E such
that supp D 2 E_.
(iii) D is rational over X.

THEOREM 2.2. Let X be as above and m a meromorphic function on E. Let
(m) denote the divisor associated to m.

(1) If A((m)) is of positive 2p-measure, then there exists a rational
meromorphic function f on E with (f) = (m).

(2) Let R(m) be the set of all x € X such that m|E, is a rational
meromorphic function. Assume R(m) has positive 2p-measure. Then m is
rational over X. Furthermore, if X is a Stein manifold with H*(X, Z) = 0, there
exist rational holomorphic functions P, Q (which are coprime) on E such that

m= P/Q.
The proof of the above theorems requires the following two facts:

THEOREM 1.1. Assume X is a normal, irreducible complex space of dimension
p and g a holomorphic function on E. Assume A((g)) has positive 2p-measure.
Then there exist holomorphic functions g,: E—C fork =0, 1, ..., r, where g,
is homogeneous of degree k, and an invertible holomorphic function u: E — C
such that 3% Lo g, = gu.

If E is the trivial bundle C? X C? over C?, Theorem 1.1 has been obtained
under different hypothesis by L. Ronkin [5] (where 4((g)) is assumed to be a
set of positive I-capacity in C?). In the present case, an elementary
construction of a rational representation of (g) is given, making use of the
extension of the zero set g~'(0) into the projective completion -E. The
extension depends on a generalization of the Remmert-Stein theorem by Stoll
[6]. For entire analytic sets, Stoll’s theorem is also shown to be valid when the
fiber dimension q is greater than 1;

THEOREM 1.2. Assume X is a pure p-dimensional complex space and E — X a
holomorphic C'-bundle with q > 1. Let S be an analytic set in E of pure
codimension 1. Then the closure S in E is analytic if and only if A(S) has
Dpositive 2p-measure in every branch of X. Moreover, the analyticity of S implies
codim S > 2.

It remains unknown if the (sufficiency part of) Theorem 1.2 holds in the
case where S has higher codimension.

The author wishes to acknowledge helpful suggestions of Professors W. L.
Baily, Jr., O. Forster, R. Narasimhan and Y. T. Siu.

2. The holomorphic case. We begin with a lemma without proof.

LeMMA 1. Let X and Y be complex spaces, f: X X Y — C" a holomorphic
map, and S an analytic set in X X Y. Assume Y is irreducible. Define
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c(f) = {x € X|f|{x} X Y = constant}
and
diS)={xeX|{x} xYCS}.
Then c(f) and d(S) are analytic in X.

If #2 W— X is a holomorphic fiber space over X and f: W — C, define
Je = flm~!(x) for each x € X and d(f) = {x € X|f, = 0}. Also denote the
zero-multiplicity of a holomorphic function f at w by »%(f; w).

The proof of Theorem 1.1 will be given in two steps. In the first step we
reduce the general case to the case of a C'-bundle. For this purpose,
(following an idea of Ronkin [5]) define 4: E X C— C by

h(w,t) = g(tw)  ((w,1) € E X C).
Let D = (g). By Federer [2, Theorem 2.10.45], Ehe set A(D) = =Y (A(D)) is
of positive measure in E. Clearly for each w € A (D), the function
h, = h|{w} X C
has a finite zero set. Assume the theorem holds for a C'-bundle, then 4 admits
a representation

h(w, t) = ®(w, )K(w, 1)
where ®(w, 1) = 2 .08 (W)t* with coefficients g, holomorphic on E (g, =
0), and KX is invertible holomorphic on E X C. Furthermore, K can be chosen
so that K(w,0) =1 for all w € E.(>) Let E, = E — g~ '(0). Define ¥:
E, XC—-Cby
Y(w, 1) = [ (¢ = 2)"OiCn ),
zeC
For each (c,w) € C* X E,, ¥(cw, 1) = ¥(w, ct)/c’. Let G = g, K.Then ¥G
=h on E, XC, and ¥(w, 1)G(w, 0) = ®(w, ©). If (c,w) € C* X E with
h(cw, t) # 0, then
G(cew, t) = c'G(w, ct).
Hence
O(cw, t) = d(w,ct)  ((c,w,t) ECX E, X C).

It follows that each g, is homogeneous of degree k along fibers of E, which
proves the general case.

LEMMA 2. Assume X and Y are normal, irreducible complex spaces and f, g
are holomorphic functions on X X Y. Let m: X X Y — X be the projection and
define £ (g,) with respect to m. Assume d(f) = @. Suppose there exists a dense

(®Suggested by Professor R. Narasimhan.
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subset X, of X,,, such that for all x € Xgandw € {x} X Y,
(f w) < 20(gs w).
Then g /f is holomorphic on X X Y.

Proor. It suffices to prove the lemma for the case where both X and Y are
nonsingular. Let Z = f~'(0) # @. The projection 7y = m: Z— X is open.
Let B be a connectivity component of Z,, and b € B. Suppose v (f;
b) > v%(g; b). Then there is an open neighborhood U of b and a holomorphic
function A on U such that flU = gh and /B N U = 0. This implies #(B N
U) N X, = @, a contradiction. Therefore »°(f; w) < »%(g; w) on Z,, from
which the lemma follows.

LEMMA 3. Assume X is a connected Stein manifold with H(X, Z) = 0. Let
W — X be a locally trivial holomorphic fiber space with smooth connected
fibers. Let g be a holomorphic function 2 0 on W. Then there exist holomorphic
functions g': W — C and ¢: X — C such that g = (7*¢) g’ and codim d(g) >
2.

ProoF. Define Z = g~(0). Let N be the union of all branches of d(g) of
codimension 1 in X. If B is a branch of N, then #~'(B) is analytic and
irreducible in Z, hence by [1, Lemma 1.27], # ~'(B) is a branch of Z. For each
X € N, and w € Z,,, with 7(w) = x, define 8(x) = »%(g; w). If x € X —
N, define 8 (x) = 0. Since »%(g; ) is constant on each component of Z,.,, the
function 8 is well defined on X — N, and locally constant on N,... Hence
there is a unique divisor D on X whose multiplicity function coincides with &
on X — Ng,,. Because H (X, 0F) = 0, there exists a holomorphic function
@: X > Cwith (p) = D. Let V = Z,, U 7~ (Ngy)- Then V is analytic in W
of codimension > 2. Foreachw € W — V¥,

v0(g; w) > v (7*p; w).

Hence g/7*p extends to a holomorphic function g': W — C. Obviously
g = (7*¢)g’. Since g and 7*p have the same vanishing order at every point
of Z,ee N 77 '(Nyep), codimd(g) > 2. QED.

Let 7: E — X be a holomorphic vector bundle over a complex space X.
The associated projective bundle P(E) is a holomorphic fiber bundle whose
fiber over x € X is the projective space of lines in E,. Define Cy = X X C,
E =C, ® E and E = P(E). Then there exist biholomorphic imbeddings of
E, tesp. P(E), into E, such that E = E U P(E) and E N P(E) = @. The
fiber bundle 7: E — X is called the projective completion of E. For each
subset V of E, define V, = V N P(E).

PROOF OF THEOREM 1.1 FOR THE CASE g = 1. Let S=g (0. f M CE
and a € X — d(S), define
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ng(M,;0) = {»°(g;s w)lw €M N E, }.
If M is a relatively compact open set with 0M N g, !(0) = @, then n(M,; 0)
is constant for all x in a neighborhood of a [7, Theorem 2.7)].

If A(S) has interior points, the Remmert-Stein extension theorem implies
the closure S of S in E is analytic of pure codimension 1.() In case A(S) is
known to have positive measure in X, a generalization of the extension
theorem by Stoll [6, Satz 2] yields the analyticity of S. Consequently X —
d(S) = A(S). Define A(g) = 7(S,). Since codlm(Sw) > 2 (see Theorem
1.2), the analytic set A(g) is nowhere dense in X. It follows that n,(E,

0) = constant = r > Oforall x € X — A(g).

Let U C A(S) be an open set over which E is trivial and identify E(U)

with U X C. Let V' = U — A(g). Assume r > 0. The function

Gy(x,0)=1II 1 - 2y"&=D  ((x,n)eV xC)
z€C
is holomorphic on ¥ X C. For every x € V, let U, =V and G, = G,.
Assume a € U N A(g). There exist open neighborhoods Q of @ in U and
Y = C(p) (p > 0) of the origin in C such that

hx, 1y = II (1 = 2"
zZEY

is holomorphic on Q X C.(*)Then § = g/h is holomorphic on @ X C and
nonvanishing on @ X Y. Moreover, the function

f(x’ t) = H (t — z)"o(g-x;(x,z))

zeC
=fo(x)+ -+ fi )+ fi (0!
is holomorphic on (Q N V) X C (where f; = 1). By Riemann’s extension

theorem, each quotient f/f, extends to a holomorphic function {; on Q.
Furthermore, @ N A(g) = {x € Q|$,(x) = 0}. Define U(a) Q and

Ga(% 1) = h(x, )($(x) + i (x)t + - - +§ (x)t’)
on Uy, X C. Then G, is rational holomorphic over Uy,. By Lemma 2,
8/ G is invertible holomorphic on U, X C for every x € U. Let G,y = 1 if
r=0.

Let 2 be a domain in X,,, biholomorphic to an open ball in C?. There exist
holomorphic functions ¢: € — C and g’: € X C— C with codim d(g’) > 2
and @(x) g'(x, 1) = g(x, ¢) for (x, f) € @ X C. For each x € Q — d(g’), there
is a rational holomorphic function G, for which g’/ G, is invertible
holomorphic on U,, X C. Hence there exists a rational holomorphic function

(3)Since it can be shown that ir'(fw) N U = O for some nonvoid open set U C X.
(4)Ct. [8, Theorem 1.2.20] or [7, Theorem 3.7].
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G4: @ X C—C for which g’/Gg is invertible holomorphic. Define Gy =
(7*@)Gg on E (). Observe thatif x € @ — A(g"), n(E,; 0) =r.

Choose an open covering {$;} of X,., such that g|E (Q) = G;- H; where G;
is rational holomorphic over &; and H 1nvert1ble holomorphlc on E () with
H; =1 on the zero section of E (). Then there exist holomorphic functions
gonkE. fork=0,1,...,rsuchthat

’
( > gk) = (g)IEng,
k=0

and each g, is homogeneous of degree k along fibers of E. Since X is normal,
the above equation extends to E. Q.E.D. _

PrOOF OF THEOREM 1.2. It is easy to show that the analyticity of S implies
X — d(S) = A(S) and codim d(S) > 1. Conversely, assume 4(S) has posi-
tive 2p-measure in every branch of X. If ¢ = 1, the analyticity of S follows
from Satz 2 of Stoll [6]. Now assume g > 1 and X is nonsingular. Let X, be a
connectivity component of X. There exists an open set  C X, biholomorphic
to an open ball in C? such that 4(S) N  has positive 2p-measure. Let D be
the divisor on E () associated to the analytic set S(2) = S N E(R). By
Theorem 1.1, there exists a holomorphic function g = 3} o8, on E(Q),
where each g, is homogeneous of degree k (with g, 2 0), such that (g) =
The equation

3 2rtgy(w) =0

defines an analytic set V in E (SZ) of pure codimension 1. Moreover, V' N
E@{) = S() and hence SN E(SZ) = V. The Remmert-Stein extension
theorem implies S is analytic i in E of pure codimension 1.

If X is singular, let M = E-PE (Xsing) and N = S N M. The analy-
ticity of S N E(X,,,) in E (Xg) implies that of N in M, and N has pure
codimension 1. Since dim N > dim P(E (Xj;,p), it follows that S=Nis
analytic in E. Now suppose S contains a branch B of S. Then the projection
map 7: B — X is proper, holomorphic, of pure rank p. Hence X’ = 7(B) is a
branch of X, and for every x € X', (Ew)x =Bnt'(x)C S On the other
hand, it can be shown that X’ contains an open set £ for which E (SZ)°°
S(SZ) Hence a contradiction. Thus codim S > 2

3. Application to divisors and meromorphic functions.

PROOF OF THEOREM 2.1. It is easy to show that (iii) = (ii) = (i). Assume D
satisfies (i) and let S = supp D. By Theorem 1.2, S is analytic in E of pure
codimension 1. Let U be an open set in X biholomorphic to an open ball in
CP. Then E(U) is a connected Stein manifold with H*(E(U), Z) = 0. There
exist relatively prime holomorphic functions f, and g, on E (U) such that
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(fu/8v) = D|E(U).
For every x € A(D) N U, (fy); '(0) and (g,); '(0) are algebraic sets in E, of
pure codimension 1, provided nonempty. Then d(S) is nowhere dense analy-
ticin X and U — d(S) = A(D) N U. Theorem 1.1 implies there are rela-
tively prime rational holomorphic functions P, and Q,, on E (U) such that
(Py/Qu) = DIE(U).
Thus the theorem is proved.
Observe also that the polynomial bidegree of a relatively prime rational
representation (Py, Q) of D on E(U) is independent of the open set U.

ProOF OF THEOREM 2.2. (1) By Theorem 2.1, there exists an open covering

{U} of X such that

m|E(U) = gyhy
where g, is a rational meromorphic function over U and h, is invertible
holomorphic on E(U) with hy =1 on the zero section of E(U).
Consequently there is a rational meromorphic function f on E for which
N =m.

(2) Suppose m = 0. There exists an open set © in X for which (i) m|E () is
given by a quotient f/g of relatively prime holomorphic functions f, g; (ii)
€ N R(m) has positive 2p-measure. Let N = {x € Q|f, - g, = 0}. Lemma 1
implies (% — N) n R(m) has positive 2p-measure. Hence there exists a
rational meromorphic function f* on E with (f’) = (m). Define u = m/f".
The analytic set c(u) = R(u). Since R(u) has positive 2p-measure in X,
c(u) = X. Therefore there exists a holomorphic function ¢ on X for which
m = (7*@)f’. Hence m is rational over X.

Assume X is Stein with H?(X,Z)=0. There exist relatively prime
holomorphic functions g; (j = 1, 2) on E such that m = g,/g,. Each 4((g)))
has positive 2p-measure. Hence there is a rational holomorphic function f; on
E (given by Theorem L.1) with (f) = (g). Then m/(f,/f,) is invertible
holomorphic on E. As above, there exists an invertible holomorphic function
¥ on X for which

m= (w*‘I’)%. Q.E.D.
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